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Abstract Pyroclastic density currents (PDCs) are hightemperature and high-velocity mixtures that threaten populations in the vicinity of many active volcanoes. Deciphering the
cause of their remarkable mobility is essential for volcanic
hazard analysis, but remains difficult because of the complex
processes occurring within the flows. Here, we investigate the
effect of bulking on dense PDC mobility by means of a double
approach. First, we estimate the amount of material incorporated into scoria flows emplaced during the August 2006
eruption of Tungurahua volcano, Ecuador. For this, we carry
out a detailed analysis of 3D-corrected digital images of wellexposed scoria flow deposits. Componentry analysis indicates
that PDC bulking occurs principally on the steep (>25°) upper
slope of the volcano, and the deposits typically comprise 40–
50 wt% of non-juvenile (i.e., accessory and accidental) material. Secondly, we develop a simple stress-related grain-bygrain equation of erosion combined with two simple depthaveraged geophysical mass-flow models that compare the
bulking mechanism to a non-fluidized and a fluidized flow.
Two behaviors based on Coulomb and plastic rheologies are
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used to reproduce, on a first order basis, the 2006 Tungurahua
PDCs. Cross-check comparisons between these modeled
cases and the erosion pattern inferred from field-based data
allow us to evaluate the accuracy of our modeling assumptions. Regardless of the rheological regime, the PDC-induced
erosion pattern of the 2006 Tungurahua eruption can only be
reproduced by fluctuations of the flow’s basal shear stress
during emplacement. Such variations are controlled by flow
thinning-thickening processes, notably through the formation
of a thick non-erosive flow body that pushes a thin frictional
erosive front during PDC emplacement. The input volume of
juvenile material, as well as the thickness of the erodible layer
available prior to the eruption, are additional key parameters.
Our work highlights complexities in PDC erosion and bulking
processes that deserve further study. In terms of hazard assessment, our findings reveal that incorporation and bulking
translate into increased flow mobility, i.e., the augmented flow
mass enhances both flow velocity and runout distance (up to
20 %). These outcomes should be considered closely for
hazard analysis at many other andesitic volcanoes worldwide
where similar PDC events are common.
Keywords Pyroclastic density currents . Erosion .
Componentry . Numerical simulation . Tungurahua

Introduction
Pyroclastic density currents (PDCs) are highly mobile mixtures of blocks, lapilli, ash, and hot volcanic gas produced
during explosive eruptions. Their flow behavior defines a
continuum between dilute, turbulent and dense, granular
end-members. Most dense PDCs are high-velocity flows
with potentially long runout distances and represent the
most deadly phenomena associated with volcanic activity,
with tens of thousands of lives claimed in the past millennium

858, Page 2 of 16

(Tanguy et al. 1998; Auker et al. 2013). Understanding the
origin of the remarkable mobility and velocity of PDCs is
therefore a major research issue in volcanology that has
stimulated numerous studies using field, analogue, and
numerical approaches (e.g., Sparks 1976; Sparks et al.
1978; Druitt 1998; Branney and Kokelaar 2002; Dellino
et al. 2010; Kelfoun 2011; Jessop et al. 2012; Roche et al.
2013 and references therein).
Many previous studies have documented the complex
componentry assemblage of natural PDC deposits (e.g.,
Buesch 1992; Boudon et al. 1993; Sparks et al. 1997; Calder
et al. 2000; Gurioli et al. 2002; Saucedo et al. 2004; Cole et al.
2005; Lube et al. 2007; Charbonnier and Gertisser 2011;
Brand et al. 2014), which all show evidence of incorporation
of accessory and accidental material (in the sense of Cas and
Wright 1987; hereafter referred to as “non-juvenile” material)
during emplacement.
Observations of debris flows, avalanches, or landslides
coupled with laboratory experiments have been used in previous studies to formulate theoretical equations of substrate
entrainment. Earlier experimental and numerical attempts at
reproducing erosion at the base of granular flows have shown
that slope angle, flow velocity, thickness and internal particle
concentration, shear stress and mass transfer processes near
the flow base, pore-pressure and plowing effects are, among
other parameters, essential in controlling the erosion type and
rate triggered by granular flows and snow avalanches
(Egashira et al. 2001; Fraccarollo and Capart 2002; Naaim
et al. 2003; Pitman et al. 2003; Cao et al. 2004; Mc Dougall
and Hungr 2005; Sovilla et al. 2006; Mangeney et al. 2007,
2010; Bouchut et al. 2008; Medina et al. 2008; Iverson et al.
2011; Mc Coy et al. 2012; Iverson 2012; Pirulli and Pastor
2012; Quan Luna et al. 2012; Roche et al. 2013; Farin et al.
2013 and references therein). Importantly, laboratory experiments reveal that the erosion processes associated with the
emplacement of dry granular flows increase their velocity and
runout distance (up to 40–50 %) when the slope angle is set
close to the friction angle of the bed material (Mangeney et al.
2010; Farin et al. 2013). Overall, previous field studies and
these analogue models of clast incorporation into granular
flows point to complex entrainment mechanisms.
Concomitantly, detailed theoretical and numerical investigations have led to the definition of various equations for the
erosion rate E, which predict that volume and mass growth of
wet and dry granular flows through erosion and incorporation
are described either by an exponential law (Mc Dougall and
Hungr 2005; Crosta et al. 2009; Pirulli and Pastor 2012), or by
a monotonic increase in the amount of eroded material with
the basal shear stress when a given threshold is exceeded
(Pitman et al. 2003). Such theoretical formulations rely on
the assumptions that E is essentially controlled by the rheological behavior of the flow and the mechanical properties of
the erodible bed. These studies mostly focus on debris flows,
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landslides, and rock or snow avalanches, so the influence of
bed erosion and material incorporation on PDC mobility and
velocity has not been fully clear in previous numerical works
(Lê and Pitman 2009).
In this paper, we consider the influence of erosion processes on PDC behavior by means of a double approach.
Firstly, we estimate the amount of erosion incorporation of
non-juvenile material in natural dense granular PDC deposits
using data from well-exposed scoria-flow deposits of the
August 2006 Tungurahua volcano eruption in Ecuador.
The componentry study is based on the analysis of highresolution images of selected exposures in the field.
Secondly, we focus on the influence of basal shear stresses
commonly used in numerical simulations of PDCs (i.e.,
Coulomb and plastic rheologies) to compare the 2006 erosion pattern inferred from the above image analysis data
with that reproduced by the modeling approach. We define
a simple erosion law based on the balance of external forces
exerted on a particle from the erodible bed and submitted to
PDC shearing. This erosion law is incorporated into the
VolcFlow depth-averaged numerical code (Kelfoun and
Druitt 2005), which allows different rheological flow behaviors
to be tested on DEM-derived slopes. In addition, as shown in a
previous work, our approach has potential for hazard assessment purposes (Pitman et al. 2003; Kelfoun et al. 2009;
Charbonnier and Gertisser 2012).
In this study, we call the non-erodible part of the PDC
channel bedrock the “substrate” and the superficial potentially
removable layer the “erodible bed.” Following Iverson
(2012), “entrainment” is the incorporation process of solid
particles that does not change bulk flow composition, and
“bulking” is defined as a clast-incorporation process that
increases the flow’s volumetric solid fraction. The expression
“erosion pattern” is used to describe the main characteristics
of the PDC-induced entrainment and incorporation processes and effects (i.e., erosion intensity and localization
along PDC paths).

Geological settings
Tungurahua volcano and the 2006 eruption
Tungurahua (5,023 m asl) is a steep-sided andesitic stratocone
located in the Eastern Andean Cordillera of Ecuador
(Fig. 1a, b). Recent geological investigations show that
PDC-forming eruptions have occurred in the past millennium
at a rate of at least one per century (Hall et al. 1999; Le Pennec
et al. 2008, 2013). About 25,000 inhabitants living on the
northern, western, and southern sides of the edifice are potentially threatened by the volcano. After 80 years of repose, a
new eruptive period started in 1999, with subpersistent explosive activity of uneven intensity and style (e.g., periods of
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Fig. 1 a Location map of
Tungurahua volcano in Ecuador.
In gray, Andean relief above
2,000 m asl; triangles volcanoes
active during the past
10,000 years. b Map of
Tungurahua 2006 pyroclastic
flow deposits (PDC deposits in
dark brown and surge deposits in
orange) plotted on a shaded DEM
of the edifice (modified from
Kelfoun et al. 2009). Red
rectangle corresponds to the
extent of Fig. 4. c Section along
profile A–B showing the three
morphological domains described
in the text

complete quiescence and sporadic stronger strombolian to
subplinian events, Carn et al. 2008; Le Pennec et al. 2012;
Eychenne et al. 2013). The erupted magma has a homogeneous andesitic composition (58–59 wt% SiO2), with minor
subdacitic pumice in August 2006 (61–63 wt% SiO 2;
Samaniego et al. 2011).
The strong and deadly 16th–17th August 2006 PDCforming eruption had a rank of VEI 4 based on satellite remote
sensing data (Fee et al. 2010) while tephra studies and monitoring data point to a VEI 3 subplinian event (Eychenne et al.
2012, 2013; Hall et al. 2013). This event has been thoroughly
documented in recent studies (Arellano et al. 2008; Kelfoun
et al. 2009; Steffke et al. 2010; Eychenne et al. 2012, 2013;

Hall et al. 2013; Douillet et al. 2013) and is used below as a
test case to investigate entrainment-incorporation processes in
dense PDCs.
Cone structure and 2006 PDC deposits architecture
The Tungurahua edifice has a broad conical shape with a
rugged, eroded eastern part and a fairly smooth and regular
western part (Fig. 1; Hall et al. 1999). We divide the E–W
profile of the young Tungurahua edifice into three main morphological domains. The domain near the summit, above
~3,500 m asl, is referred to here as the “upper cone” and is
characterized by steep slopes (35–45°) with a rough drainage
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network. The “intermediate cone” lies between 3,500 and
2,300 m asl, about 2.5–6 km from the vent, where the slope
gradually decreases from 30–35 to 20° and the morphology is
rugged with pronounced gullies. The base of the volcano
below 2,300 m asl has a smooth landscape with gentle slopes
(10–20°) cut by a few ravines and is referred to here as the
“lower cone.”
Large-scale features of the 2006 PDCs and surges are
described in Hall et al. (2013) and Douillet et al. (2013).
Here, we focus on the Juive Grande area, located on the
northwestern side of the volcano (Fig. 1), which was affected
by many PDC phases of the 2006 eruption (Hall et al. 2013). By
the time of our field work, in March 2012 and October 2013,
most 2006 PDC deposits had been incised down to the base by
narrow gullies, exposing spectacular subvertical sections.
2006 PDC deposits in the Juive Grande area
In the Juive Grande area, the PDC deposits display significantly different features in the three morphological domains
described above. Observations and thermal infrared images
captured during the eruption indicate that no pyroclastic flow
deposits were emplaced above 3,800 m asl, on slope angles
>25–30° (Kelfoun et al. 2009). From this observation and our
field surveys, we infer that PDC sedimentation most likely
began as patchy deposits between 3,800 and 3,300 m asl. On
the intermediate cone of Juive Grande (3,300 to 2,200 m asl),
the 2006 PDCs were channelized in the gullies. The deposits
can be traced as a continuous ravine-ponded breccia with a
subflat-topped surface morphology formed by the stacking of
discrete flow units. The overall thickness at ~3,300 m asl is in
the order of 1–2 m and increases downslope to 3–5 m at
2,300 m asl. In the Juive lower cone area (2,300–1,900 m),
the morphology is smoother and the flows generally unconfined. Pyroclastic fans (50–150 m wide) were formed in the
Pastaza river valley (Fig. 1) by the overlapping of PDC flow
units. Each flow unit is typically 1–2 m thick at the front, with
a channel width of 3–7 m where well-developed levees are
preserved in each flow tongue higher on the slopes. In vertical
sections, the deposits show common reverse coarse-tail grading and cauliflowers bombs at the top. Quarries in the 2006
deposits at Juive Grande (Fig. 1) expose a maximum thickness
of 5–7 m of scoriaceous flow material.
In summary, the overall structure of the 2006 deposits is
broadly correlated with the slope of the cone and the total
thickness tends to increase downslope. No deposition occurred on the steepest slopes of the volcano (the upper cone,
above ~3,500 m asl), and depositional processes began high
on the intermediate cone. Similar depositional patterns have
been documented at other andesitic volcanoes worldwide
(e.g., Colima in Mexico, Saucedo et al. 2002; Sarocchi et al.
2011; Arenal in Costa Rica, Cole et al. 2005; Ngauruhoe in
New Zealand, Lube et al. 2007; Merapi in Indonesia,
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Charbonnier and Gertisser 2011), and are an essential feature
for modeling purposes.

Methods
Our field work was carried out along a subradial, 4-km long
transect in the Juive Grande valley, where the 2006 deposits are
incised by ~5–10-m-deep ravines. Thickness, surface morphology, stratigraphy, grain size, grading, and componentry features
of the scoriaceous PDC deposits were documented at 23 sites
(Fig. 1). We selected eight sites to perform a detailed grain-size
and componentry analysis of the deposits using a novel approach based on image analysis coupled with stereological
conversion (based on image segmentation and stereological
unfolding techniques). High-resolution images of selected deposits’ sections were taken at several magnifications to capture
grain componentry and shape for a large size range (~50 to
~0.2 cm; Fig. 2). Our workflow is illustrated in Fig. 3 and
summarized in the Supplementary electronic material (SEM).
A detailed description of the analytical protocol and results is
beyond the scope of this paper and will be presented in a
forthcoming contribution. The main steps are (1) image segmentation into discrete objects, representing each visible clast of
the deposit sampled; (2) 2D componentry identification (i.e.,
juvenile or not), size, and shape measurement (circle equivalent
area and diameter); (3) 2D to 3D stereological conversion
(Sahagian and Proussevitch 1998; Shea et al. 2010) to obtain
volume fraction of each clast family depending on its size, in ϕscale [ϕ=−log2 (diameter in mm)]; and (4) volume-to-mass
conversion using specific densities of each clast type. Areas
where fragments are too small to be identified on the screen are
referred to here as “digital background.” A sample, or “digital
sample,” is thus defined here as the whole set of high-resolution
digital images taken at different magnifications of a single
pyroclastic flow unit at a given outcrop. Using a large set of
images and different magnifications yields object populations in
the range of 1,000–3,400 clasts per sample and gives 2D to 3D
conversion errors of <5 % (Sahagian and Proussevitch 1998).
Tungurahua’s scoria flow deposits are composed of easily
distinguishable clast families and offer an exceptional opportunity to perform precise componentry analysis on medium
and coarse size ranges (i.e., >1–2 ϕ). Juvenile andesitic clasts
occur as scoriaceous cauliflower bombs and as dark-grey
dense angular clasts. The non-juvenile class comprises four
merged subclasses: subangular accessory lava, reddish oxidized fragments, accessory pumices, and rare accidental
greenish gneissic clasts. Mass proportions of the whole sample
are computed and take into account the fine fraction of the
deposit [“matrix”, see Supplementary electronic material
(SEM)]. Finally, our data are corrected using conduit-derived
non-juvenile fragments [see Supplementary electronic material
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Fig. 2 Typical outcrop of the 2006 PDCs deposit of Tungurahua volcano
with a stratigraphic log of the pyroclastic sequence. The image acquisition
strategy used in this study is illustrated by images a–c, taken at different

magnifications. Exclusion masks (used to avoid double counting of clasts
and to discard any optical or geometrical deformation at the edges of the
images) are also illustrated in orange

(SEM)] to isolate only the non-juvenile mass fraction of the
2006 PDC deposits, which derives from the eroded substratum.

The smallest recognized ϕ classes of the samples occur
between −1 and −1.5 ϕ (2–2.8 mm). The mass proportion of
the digital background (the unsegmented parts of the images,

see “Methods”) is between 23 and 74 wt%, with a mean of 47
±13 wt% (one standard deviation), which implies that the
composition of about half of the mass of the deposits can be
estimated using our “digital sampling” method.
Figure 4 presents the mass proportion of juvenile (gray) and
non-juvenile (white) material for each whole sample of the Juive
Grande valley. Each pie chart represents a sample, and “n” is the
number of identified clasts used for the mass reconstruction. The
mass proportion of non-juvenile material in the eight samples

Fig. 3 2D to 3D workflow used is this study, see also Supplementary
electronic material (SEM) 1. a 2D data acquisition step: high resolution
images filtering and segmentation into juvenile and non-juvenile fragments. On the segmented image, db (dark gray) is for “digital background”, j (black) for juvenile, and nj (white) for non-juvenile fragments.
Red areas represent the exclusion mask (see Fig. 2). Segmented images
are analyzed with SPO software (Launeau and Robin 1996). b The
number density of clasts of a given size per unit area (NA) of the whole
digital sample is obtained using the merging cutoff technique of Shea

et al. (2010). a–c refer to different image magnifications of Fig. 2. NA
value is converted to clast number density of a given size per unit volume
(NV) using the stereological suite of Sahagian and Proussevitch (1998)
detailed in Shea et al. (2010). Grain-size data are converted to phi scale
(see text). c NV is converted to masses, using measured specific densities
of each clast type (juvenile and non-juvenile components, Eychenne and
Le Pennec 2012). The total mass proportion of the sample is obtained by
summing all mass fractions corresponding to each NV, taking into account
digital background proportions (see text)

Componentry results: erosion pattern of 2006 PDCs
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Fig. 4 Mass proportions (%) of
juvenile (in gray) vs. non-juvenile
(in white) material of PDC
deposits from eight samples of the
Juive Grande area (see Fig. 1 for
location). “JUI” denotes sample
numbers. “n” is the number of
identified clasts in each sample.
JUI_07, JUI_08, and JUI_01,
JUI_02, JUI_03 belong to
different flow units of the same
site in stratigraphic order

ranges from 57 to 33 wt% (JUI_07 and JUI_04 samples, respectively). Deposits emplaced at ~3,300 m asl comprise
~40 wt% of non-juvenile material (Fig. 4), which indicates that
the erosion processes mainly occurred at a higher elevation. The
mass proportion of substrate-derived material is remarkably
constant in all samples (around 40–50 wt%, Fig. 4), which
implies that the amount of erosion is low along the studied
transect. Thus, erosion and incorporation occur in the upper
cone domain and high in the intermediate cone domain
(slopes>25°) and are low on slopes of <25°. These main
features characterize the “erosion pattern” of the 2006 PDCs
in the Juive Grande area and are used below to evaluate the
accuracy of our numerical models.

Modeling
Shear stress-related erosion
We consider here the schematic case of an erodible granular
layer comprising an assemblage of spherical particles of

radius r and bulk density ρp lying above a static substratum
(Fig. 5 and Table 1). If not influenced by a PDC, the erodible
layer stability is a function of the equilibrium between (1) the
weight of the particles, whose downstream component
W depends on the slope α of the flank, and (2) the
retarding forces R related to the normal component of
the particle weight, to the friction angle φ and to the
cohesion C of the erodible bed. A descending PDC
disturbs the erodible bed in two opposite ways: (a) the
basal shear force TF =T×Sf (where T is the basal shear
stress and Sf the contact surface between the flow and
the particle) of the flow tends to entrain the erodible
particles downstream; (b) at the same time, the flow
weight increases the normal stress at the base of the
erodible particle, thus increasing R and stabilizing the
erodible layer. The erosive potential of the PDC and the
associated bulking effect depends on the equilibrium
between these two effects.
We state that a particle is entrained and incorporated into
the flow when it has moved a distance greater than its own
diameter. Newton’s second law states that the sum of external
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Fig. 5 Schematic view of the
system modeled in this study. A
PDC of thickness h and density ρe
is moving down a slope of angle
α with a velocity V and covers an
erodible bed of thickness herod
composed by spherical particles
of radius r and density ρp above a
!
non-erodible substrate. T F is the
flow basal shear force acting at
!
the top of the particles, W the
downstream component of
!
particle weight, and R is the
retarding force at the base of the
particle (see also Table 1)

 
!
forces F (written in this paper under their norm,  F  ¼ F )
acting on a body is proportional to the product of its
acceleration term dv/dt (where v is velocity and t is time)
and its mass m, as:
F¼m

dv
dt

ð1Þ

where the net forces F acting upon a particle of the erodible
bed disturbed by a flow are F=W+TF −R. Integration of the
acceleration term yields the velocity vp of the removed particle, which is expressed at a given time t1 by:
Z t¼t1
F
F
 dt ¼  t 1
ð2Þ
vp ¼
m
m
t¼0
because F does not depend on the flow velocity whatever the
rheological behavior is (see “Rheology and nature of PDCs”).
The distance D travelled by a particle entrained in the PDC
during the same time t1 is obtained by the integration of the
velocity:

Z
D¼

t¼t 1
t¼0

F
1F
 t 1  dt ¼
 t1 2
m
2m

ð3Þ

However, a particle is accelerated only when its velocity is
lower than that of the flow, and both reach equal velocities
after a given duration. The time ter required to entirely incorporate a particle of diameter 2r from the erodible bed during
the acceleration phase is given by inverting Eq. (3) as:
rﬃﬃﬃﬃﬃﬃﬃﬃ
rm
t er ¼ 2
ð4Þ
F
A particle that is not totally removed during the acceleration phase reaches the flow velocity before completely leaving

its position. We determine tv, the time needed to accelerate a
particle to the flow velocity vf, by inverting Eq. (2) with vp =vf:
tv ¼

m
vf
F

ð5Þ

The distance Dv travelled by the particle during the acceleration time tv is given by Eq. (3). The remaining distance to
entirely remove the particle equals 2r−D. Because the particle
covers this distance at the flow velocity, the total time needed
to remove the particle is:
t er ¼ t v þ

ð2r

DÞ
vf

¼

m
2r D
 vf þ
F
vf

ð6Þ

Knowing the particle size and the time ter needed to remove
it, the erosion rate E (m s−1) is given by:
E¼

2r
t er

ð7Þ

E is based on the balance between driving and resisting
stresses. Fraccarollo and Capart (2002) and Medina et al.
(2008) used similar approaches to determine erosion rates at
the base of water surges and debris flows, without testing
different flow rheologies. While some field studies suggest
that incorporation may alter flow density during emplacement
(Calder et al. 2000; Brand et al. 2014), we assume here that it
remains constant during the bulking process. (Mc Dougall and
Hungr 2005; Lê and Pitman 2009).

Rheology and nature of PDCs
Dense PDCs affect an erodible layer through basal shear
stress, which slows down the flow, and through the normal
stress of their weight. Because of the complex and not fully
understood PDC behavior, different rheological laws, summarized in Kelfoun (2011), have been proposed to simulate these
particular types of flows. Various degrees of PDC fluidization
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Table 1 Main variables used in this study
Symbol Variable

Value Unit

g
r
Sf
ρp
m
φ
C
ρe
φbed
T0
herod
α
β
h
vf
t
T

Acceleration due to gravitya
Particle radiusa
Contact area between a particule and the flowa
Particle densitya
Particle massa
Erodible bed repose anglea
Soil cohesiona
Flow densitya
Flow basal friction anglea
Plastic constant retarding stressa
Maximum erodible bed thicknessb
Ground slopeb
Flow surface slope angle
Flow thickness
Flow velocity
Time
Flow basal shear stress

9.81
_
4 r2
2500
_
_
_
1300
_
_
_
_
_
_
_
_
_

m s−2
m
m2
kg m−3
kg
degrees
N
kg m-3
degrees
Pa
m
degrees
degrees
m
m s−1
s
Pa

TF
R
W
Fb
F
tv
D
Dv
ter
E

Flow basal shear force
Resisting forces
Particle weight downstream component
Buoyancy force
Sum of external forces
Time to accelerate a particle at the velocity vf
Distance traveled by a particle at a given time
Distance traveled by a particle at the time tv
Total erosion time
Erosion rate

_
_
_
_
_
_
_
_
_
_

N
N
N
N
N
s
m
m
s
m s−1

“Particle” refers to a particle from the erodible bed. Variable with no value
implies variation in time or space during simulation
a

Input parameters

b

Input parameters recomputed for each time increment during dynamic
simulations

The shear stress T exerted by a Coulomb flow on the
erodible bed can be expressed as
T ¼ ρe g h cosα tanφbed

where g is the acceleration due to gravity (9.81 m s−1), α is
the slope angle, ρe is the density of the flow, h its thickness,
and φbed its basal friction angle.
Plastic rheology
Kelfoun et al. (2009) and Charbonnier and Gertisser (2012)
argued that a plastic rheology is appropriate for numerical
modeling of PDCs (a statement that is debated in Kelfoun
2011). The plastic shear stress does not depend on flow
thickness or velocity and is expressed as T=T0. A possible
explanation is that the plastic rheology captures, to a first
order, the complex physics that reduces friction between
particles, allowing PDCs to reach extended runouts.
However, the constant retarding stress may locally induce
an apparent basal friction angle, which is higher than the
friction angle between particles at rest (see Eq. (8) and (9)) for
flows thinner than
h<

T
ρe g cosα tanφmax

Coulomb rheology
The Coulomb law states that the shearing, T, exerted by the
flow on its substrate depends on both the normal stress at
the base of the flow and the friction angle φbed between the
flow and its substrate. Values of φbed to numerically reproduce flow runout distances compatible with natural PDCs
range between 10 and 15° (Patra et al. 2005; Kelfoun et al.
2009; Procter et al. 2010; Sulpizio et al. 2010; Kelfoun 2011;
Charbonnier and Gertisser 2012).

ð9Þ

where φmax is the maximal internal friction angle between
particles (which is the internal friction angle of particles at rest,
about 30°, Yamashita and Miyamoto 1993). To avoid these
conditions, we use a modified plastic law, called plastic-φmax
below, in which the plastic frictional stress cannot exceed the
Coulomb stress of particles at rest.
The shear stress T exerted by a plastic-φmax flow on the
erodible bed is expressed as:
T ¼ minðT 0 ; ρe ghcosαtanφmax Þ

can also be invoked (e.g., Sparks 1976; Roche et al. 2010,
2013). We investigate here two commonly used rheological
laws, Coulomb and plastic behavior (Iverson and Denlinger
2001; Kelfoun et al. 2009; Charbonnier et al. 2013), coupled
with different states of flow fluidization.

ð8Þ

ð10Þ

where T0 is the constant plastic constant retarding stress.
Non-fluidized flow model
As shown in Fig. 6a, a PDC is considered here as a sliding
flow. In this case, the normal component of the flow weight is
fully transmitted to the base of the erodible particles. The
slope-parallel component of the weight W of the particle can
be written as:
W ¼

4 3
πr ρp g sin α
3

ð11Þ

The total resistant forces, R, acting at the base of an erodible particle depend on the sum of the weight of the flow, and
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Fig. 6 Cartoon depicting the
flow regime assumptions used in
this study. a Non-fluidized flow
assumption: the flow is viewed as
a block descending a slope and
cannot fill the free space between
removable particles. The flow
acts on the particles only as a
frictional body. b Fluid body
assumption: the flow is able to
percolate between the particles
and generates both frictional and
Archimedes-like forces
(buoyancy effect)

of the weight, the friction angle φ and the bed cohesion C of
the particle (Fig. 6 and Table 1):

Integration into VolcFlow code



4 3
R ¼ ρe h S f þ πr ρp g cos α tan φ þ C  S f
3

The above erosion laws are first tested in stationary conditions. For the given flow rheology, fluidization state, and
erodible bed characteristics, the erosion rate, E, is computed
for a wide range of slope angles (from 0 to 90°). Slopes steeper
than 40–50° are unrealistic at Tungurahua volcano but may be
used to explore the erosion law behavior. In a second step, we
run a numerical model of geophysical flows (VolcFlow code)
to test these equations dynamically (i.e., in non-stationary
conditions). VolcFlow simulates dynamic variations in thicknesses and velocity of dense isothermal volcanic flows based
on the depth-averaged equations (Kelfoun and Druitt 2005).
The code can also solve user-defined laws, such as those
presented in this paper, and calculates their mass and momentum balance.
As our field study gives an image of the erosion pattern on
the scale of the volcano, we fitted the pre-eruptive topography
of the Juive Grande valley with an exponential expression,
which captures the main characteristics of Tungurahua slopes
and discards all small-scale topographic irregularities. The
source mechanisms of the 2006 PDCs at Tungurahua are
discussed in Kelfoun et al. (2009) and Hall et al. (2013):
They resulted from repeated gravitational destabilizations of
hot pyroclastic products (bombs, scoriae, and ash), which
accumulated on the upper cone during the eruption. The initial
flow velocities can therefore be set to zero. Input volumes
in our simulations are in the order of 105 m3, which
typically represents the volume of a single PDC unit in
the Juive Grande valley for the 2006 Tungurahua paroxysm
(Hall et al. 2013).

ð12Þ

Fluidized flow model
We state here that the PDC behaves as a fluid. The flow fills
the holes between the bed particles, which can consequently
be submitted to an upward buoyancy force, Fb, depending on
the surface of contact (Fig. 6b). When the force affects only
the upper hemisphere of the particle, no buoyancy effects
occur, and the equations are those of the non-fluidized flow
situation. When the whole particle surface is subjected to
the flow fluid pressure, the buoyancy force is given by the
expression:
Fb ¼

4 3
πr ρe g
3

ð13Þ

The slope-parallel component of the solid stress exerted at
the base of a particle is thus expressed as:
W ¼

4 3 h
πr g ρp sin α
3

ρe sinðα

βÞ

i

ð14Þ

where β is the flow surface slope angle and the resisting
force R given by:
R¼

4 3 h
πr g ρp cos α
3

ρe cosðα

i
βÞ tan φ þ C  S f ð15Þ

Varying the particle surface proportion impacted by the flow
fluid pressure allows us to test various degree of fluidization.

Results of numerical modeling
We present here the results obtained for stationary and dynamic conditions for both fluidized and non-fluidized flow
assumptions, using a large range of values for Coulomb and
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plastic rheologies (Table 2). In the following, when a parameter is not specified, the applied generic values (inferred from
our field data and previous studies on Tungurahua 2006
PDCs; see Kelfoun et al. 2009) are: a 1-m-thick flow with a
velocity of 10 m s−1 and a bulk density of 1,300 kg m−3, a
particle radius of 0.05 m, and density of 2,500 kg m−3.
Fluidized body assumption
Under fluidized conditions, we found that erosion only occurs
when the erodible particles are surrounded by the flow and
affected by buoyancy. Figure 7 displays the variation of the
erosion rate E (m s−1) vs. the slope angle, when the particles
are entirely surrounded by the flow, and for Coulomb (Fig. 7a)
and plastic-φmax (Fig. 7b) rheologies, respectively. Results
show that the erosion rate is important (>0.5 m s−1) regardless
of the slope angle and the rheological model (Fig. 7). E is also
higher on gentle slopes than on steep ones. This can be
explained by the vertical buoyancy stress relative to the slope
angle: The buoyancy effect is maximal where the slope is
close to horizontal. Other simulations using parameters in the
range of those given in Table 2 yield an overall behavior
similar to that displayed in Fig. 7. We find no combination
of input parameters that reproduce the observed erosion pattern using the fluid flow assumption, even when different
particle surface proportions in contact with the fluid flow are
considered.
Non-fluidized flow assumption
Coulomb rheology Figure 8a shows the slope-dependent
erosion rate, E, for six Coulomb basal friction angles
(from 15 to 45°) under stationary conditions. To avoid
any confusion, the erodible particle stability domain, as
well as realistic Tungurahua slope angles, are highlighted.
Figure 8a shows that the PDC’s ability to incorporate
particles from the erodible bed is associated with the basal
friction angle of the flow. Importantly, the basal friction angle
is a key parameter in the Coulomb rheology that controls the
final runout distance. In theoretical stationary conditions, a
32° basal friction flow is able to erode material on slopes as

steep as 17° (Fig. 8a), but such a flow is unable to reach these
gentle slopes because its high basal friction angle of 32°
hampers propagation on slopes <~30°. Figure 8b presents
three dynamic simulations performed with VolcFlow with
three different Coulomb basal friction angles and shows the
predicted final runout distance on Tungurahua’s slope. Flows
with runout distances consistent with that of the 2006 PDCs
(i.e., with a 15° basal friction angle) are not able to dig into the
erodible bed. Conversely, flows that reproduce our field-based
erosion pattern in stationary conditions (basal friction angle of
30–32° in Fig. 8a) are not able to dynamically reproduce them
because the required basal friction angle of 30–32° prevents
the flow from reaching the foot of the volcano. Tests with
different combinations of parameters (Table 2) fail to reproduce the 2006 PDC erosion pattern. Coulomb flow simulations tend to stabilize the erodible layer due to the flow weight
component, which rapidly exceeds the flow shearing related to
the basal friction angle, thus impeding particle entrainment.
The basal friction angle of ~15° inherent to Coulomb rheology
and required to reproduce the runout distances of the 2006
PDCs is too low to remove particles from the erodible bed and
thus to reproduce the erosion pattern.
Plastic rheology Figure 9a shows the erosion rate, E, vs. the
slope angle for a plastic-φmax flow rheology (T0 =5 kPa) of
different thicknesses in stationary conditions. We tested φmax
in the range of 30–35° and a value of 31° matches the erosion
pattern best. The erosion rate curves of thick (1 to 5 m) flows
include a break in slope (Fig. 9a) due to the threshold effect of
the φmax angle. This kink corresponds to the point where the
apparent friction angle caused by the plastic stress reaches
unrealistic values and is corrected by Eq. (10). Depending on
the flow thickness, E is high on steep slopes and equals zero
on slope angles lower than ~25°, which is consistent with our
field data. However, arrows on Fig. 9a show the lower theoretical slopes on which the modeled PDCs can flow. As with
the Coulomb rheology, PDCs reproducing the erosion pattern
(e.g., the 0.5 m-thick flow) are not able to reach the base of the
volcano. In contrast, thick flows (e.g., 2 m thick) cannot
entrain the erodible bed but can reach the runout distances
measured at Tungurahua.

Table 2 Range of input parameters investigated in this work
Fluid. state

Rheology

Rheological parameters

h (m)

% aff. surf.

Fluidized

Coulomb
Plastic-φmax
Coulomb
Plastic-φmax

φbed =10–45° (10–45)
T=1–10 kPa (1–10), φmax =30–35° (31)
φbed =10–45° (10–45)
T=1–10 kPa (5), φmax =30–35° (31)

0.1–5 (1)
0.1–5 (1)
0.1–5 (1)
0.1–5 (0.1–5)

0–100 (100)
0–100 (100)
x
x

Non-fluidized

Results using the values in brackets are shown in Figs. 7, 8, and 9. See Table 1 for symbols’ significance. “Fluidization state” refers to fluidization assumption
(see text), and the “% stressed surface” is the percentage of particle surface area affected by the flow in the fluid assumption model. Other tested parameters
are particle radius, r (0.01–1 m) and density, ρp (1,500–3,000 kg m−3 ), erodible bed thickness, herod (0–10 m), and erodible bed cohesion, C (1–20 kPa)
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Fig. 7 Erosion rates, E, (m s−1)
vs. slope angle in stationary
conditions for the fluidized flow
assumption. a Coulomb rheology
with different values of basal
friction angle. b Plastic-φmax
rheology with different values of
retarding stress and a maximum
basal friction angle φmax of 31°.
Other parameters are generic
values presented in the text,
see also Table 2

Dynamically, results are clearly different. Figure 9b shows
numerical results obtained with VolcFlow for the realistic
slope angles of Tungurahua volcano and with the same variables used in Fig. 9a (plastic-φmax rheology, T0 =5 kPa and
φmax =31°). Both erosion and runouts are in good agreement
with field-based inferences: Erosion is localized on slope
angles steeper than ~25° (>3,500 m asl), and PDC runout
distances are consistent with those determined in the field.
We noted during our simulations that dynamic variations of
flow thickness play a major role in the shear stress-related
erosion: Where and when the flow is thick, the shear stress is
low relative to the normal components of the weight that
stabilize the particles. Erosion does not occur, and the flow
can move on gentle slopes (Fig. 9a). The driving stresses
accelerate such a thick flow, which becomes thinner, causing
an increase in the shear stress relative to the weight components. As a consequence, the erosive flow capacity is enhanced

and erosion begins. At the same time, the velocity decreases
(due to an increase in the resistive stress/driving stress ratio),
causing the flow to thicken again, impeding erosion and promoting further mobility, even on gentle slopes. During emplacement, the flow thus dynamically oscillates between a low
velocity erosive phase and a non-erosive phase, consistent with
the main characteristics of the 2006 PDCs erosion pattern.

Fig. 8 a Erosion rates, E, (m s−1) vs. slope angle for a non-fluidized flow
assumption with a Coulomb rheology and for different basal friction
angles φbed in stationary conditions. Other parameters are generic values
presented in the text, see also Table 2. b 1 Tungurahua’s profile (in dark
gray) and erodible bed (white layer, vertical exaggeration of five for

legibility) used for the non-stationary simulations; 2 horizontal projection
of final VolcFlow dynamic simulation results conducted with a Coulomb
rheology and different basal friction angles φbed of 15, 30, and 45°.
Dashed lines represent deposit contours and illustrate the runout distance
of each flow. The erodible bed is not removed by the PDCs

Discussion
Localization of erosion and significance of componentry
Discussing the details of the componentry data is beyond the
scope of this work, in which we concentrate on deciphering
the main processes that may account for the large amount of
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Fig. 9 a Erosion rate vs. slope angle for the non-fluidized assumption
with a plastic-φmax rheology (T=5 kPa; φmax =31°) in stationary conditions. The curves correlate to different flow thickness, and colored arrows
on the slope axis show the slope angle at which each flow stops. Other
parameters are generic values presented in the text (see also Table 2). The
domain of erodible bed stability and the field of unrealistic slopes are

shown. b 1 Tungurahua’s profile and erodible bed used for the simulations; 2 horizontal projection of final VolcFlow dynamic simulation
results obtained with a plastic-φmax rheology (T=5 kPa; φmax =31°).
Deposit contours are represented as dashed lines and illustrate flow
runout. The remobilized fraction of the erodible layer (in pale gray) is
only localized on steep slopes of the upper cone, above 3,500 m asl

non-juvenile material in the deposits. An important issue that
we address in a forthcoming paper is the impact of the digital
background on volume and juvenile/non juvenile mass ratios.
Estimations based on available componentry data in the
matrix fraction (Hall et al. 2013; and unpublished data)
suggest that our assumption about the digital background
componentry assemblage does not significantly alter our
estimates of juvenile/non-juvenile ratios.
An important result of this work is that, although sampling
was carried out at only eight sites (five locations) along the
Juive Grande valley, little variation in the juvenile/nonjuvenile ratio is observed. The highest sampling sites display
a juvenile content of 40–50 wt%, while the lowermost samples near the road to Baños yield 50–60 wt%. We infer that
erosion and incorporation essentially took place high on the
steepest slopes of the volcano, in the upper morphological
domain, resulting in 40–50 wt% incorporation at about
3,500 m asl. In contrast, later erosion and incorporation in
the intermediate and lower morphological domains likely
account for only a few weight percentages, i.e., one order of
magnitude less than that on the upper cone, and this can be
explained by topographic irregularities along PDC paths (e.g.,
small-scale breaks in slope and cliffs and narrow gullies) as
also noted at Arenal by Cole et al. (2005). This finding
indicates that little or no erosion took place during emplacement in the Juive valley below ~3,500 m asl (i.e., on slope
angles <25°), while deposition began on slope angles in the
range of 25–30° and the eroded material accounts for half of
the total mass of PDC deposits. Similar erosion patterns are
documented at many volcanoes worldwide: 35–46 wt% of
non-juvenile components were found in the −4 to 4 ϕ range of

scoria flow deposits from the 1991 eruption of Volcán de
Colima, Mexico (Saucedo et al. 2004), while erosion mainly
occurred on near-to-vent slope angles >20–30° at Arenal,
Costa Rica (Cole et al. 2005), Ngauruhoe, New-Zealand
(Lube et al. 2007) and Merapi, where non-juvenile material
represents up to 20 wt% of the 2006 block and ash flow
deposits (Charbonnier and Gertisser 2011). In other geological
contexts, entrainment of rock and debris occurs on slope
angles >20–25° and is associated with an increase in
>50 wt% in wet rock and snow avalanches (Hungr and
Evans 2004; Hungr et al. 2005; Sovilla et al. 2006). These
erosion patterns are consistent with analogue models of granular flows, which show that steeper slope angles alter the
erosion pattern and enhance the erosion rate (Mangeney
et al. 2010; Farin et al. 2013; and references therein).
Striated slide-like scoured paths exposing massive lavas of
the upper cone of Tungurahua were observed soon after the
August 17th eruption and recall those documented at other
volcanoes (Lascar, Sparks et al. 1997; Ngauruhoe, Lube et al.
2007; Merapi, Cronin et al. 2013). The high mechanical
resistance of these lavas limits the thickness of the erodible
bed until formation of chute-like channels, in which the erodible material is no longer available. This observation highlights the critical role of the erodible bed’s nature and thickness on erosion processes. At a given PDC volume flowing
downslope, the amount of the available erodible supply (i.e.,
the erodible bed thickness, Sparks et al. 1997; Hungr et al.
2005) is one of the key parameters controlling the proportion
of non-juvenile component incorporated into the PDC and
thus the resulting increase in volume and mass. The ability
of a flow to erode its substrate depends on parameters linked
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to the eruptive process (initial volume of juvenile products and
the PDC feeding mechanism) and to non-eruptive parameters
(slope angle, erodible bed nature, and thickness).
Erosion law
In our models, the displacement of particles is controlled by
the difference between the shear stresses of the flow that
destabilizes them, and the resisting stress of the substrate.
The flow basal shear stress required for long runout distances
should be low (i.e., φbed, ~10–15° for Coulomb rheology or
T0, ~3–5 kPa for plastic rheology). In those conditions, only
fluidized flows can be erosive, but their erosion patterns
conflict with observations made at Tungurahua. In the case
of non-fluidized flows, the counter-intuitive proposition, as
illustrated by the stationary condition tests, is that the flow
basal shear stress should be high (whatever the rheology is) in
order to initiate entrainment of the erodible bed, which conflicts with long runout flows observed in nature. When incorporated into a numerical model that simulates dynamic flow
emplacement, our equations show that PDCs can both reach
long runout distances and be erosive due to variations in the
normal stress/basal shear stress ratio in time and space. Where
and when the basal stress is low, the flow can move, even on
gentle slopes. Where and when the basal stress is high relative
to the normal stress, the flow is able to dig into the erodible
bed. For a Coulomb rheology, this ratio is constant and fixed
by the basal friction angle, which hampers reproducing the
2006 PDC erosion pattern. In the plastic-φmax rheology, the
basal shear stress is constant, implying that the normal stress/
basal shear stress ratio (which determine the flow velocity)
depends on the flow thickness.
In the model, these thickness variations are linked to two
different processes. During emplacement, the PDC propagates
dynamically in pulses (Schwarzkopf et al. 2005; Sulpizio and
Dellino 2008; Kelfoun et al. 2009; Charbonnier and Gertisser
2012), which implies thickness variations in time and space.
Thick and non-erosive parts of the flow accelerate. As a
consequence, the flow thins and the normal vs. shear stress
ratio decreases, thus causing flow deceleration and bed
erosion. This erosional mechanism was also observed by
Mangeney et al. (2010) and Farin et al. (2013) in laboratory
experiments. In addition, flow shape also controls the erosion
process during emplacement. A moving flow comprises a
thick body with a lobate and thicker head that rapidly thins
at the front. By itself, this thin frontal part would not be able to
move, but it is pushed downwards to gentle slopes by thicker
parts of the flow. Merging these two parts of the flow triggers
entrainment and incorporation and may explain erosion patterns and runouts of the 2006 PDCs. Nevertheless, there are
several caveats when using this simple model, and it is worth
noting that additional mechanisms may explain the shear
stress fluctuation in natural flows. For example, different
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degrees of fluidization of a moving flow can cause alternating
increase and decrease in the normal stress/basal shear
stress ratios (Sulpizio and Dellino 2008). The transport
of blocks that temporarily slide and tumble within a
low-shearing flow may also explain a part of the erosion
pattern (Grunewald et al. 2000).
The published literature lacks estimates of field-derived
PDC-induced erosion rates. Nevertheless, Iverson (2012)
modeled wet substrate entrainment by debris flows and determined erosion rates of between 0.05 m s−1 (high degree of
flow liquefaction) and 0.2 m s−1 (low degree) on a slope of
31°, a flow thickness of 0.2 m, and a velocity of 12 m s−1. This
is close to the erosion rate of 0.21 m s−1 computed in this study
with the same parameters (slope of 31°, flow thickness of
0.2 m, and velocity of 12 m s−1), which is consistent with
large-scale debris flow experiments and in situ measurements (Mc Coy et al. 2012; Iverson 2012 and references
therein). The erosion rates estimated here are moreover
close to those determined in the laboratory experiments
of Mangeney et al. (2010) rescaled from experimental
velocity and flow thickness.

Conclusions
Grain size and componentry analysis combined with 2D–3D
stereological corrections performed on digital image samples
of PDC deposits from the August 16th, 2006 eruption of
Tungurahua volcano have allowed us to determine juvenile
vs. non-juvenile mass fractions in the deposits at selected
locations in the Juive Grande valley. Our results reveal that
the August 2006 PDCs incorporated about 40–50 wt% of
accessory and accidental material, principally in the upper
cone domain where slope angles are >25°.
These componentry results were used to evaluate the accuracy of a shear stress-related equation of PDC-induced erosion. Because PDC rheology is still not fully understood, we
investigated both Coulomb and plastic rheologies, which are
commonly used for numerical modeling of PDC emplacement, and made assumptions on the degree of fluidization.
Our erosion equation was tested under stationary and nonstationary conditions to infer flow behavior (using VolcFlow
code). The comparison of numerical and componentry results
shows that the first-order parameters of PDC-induced erosion
during the 2006 eruption of Tungurahua can be reproduced
using a plastic-φmax rheology.
Our model reproduces the PDC erosion pattern solely to the
first order but offers new insights into PDC dynamics with
implications for hazard assessment purposes. Comparing a
plastic-φmax PDC flowing over a non-erodible substrate and
on a 1-m-thick erodible bed allows the influence of erosion and
bulking processes on dense PDC mobility to be quantified. A
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major outcome is that entrainment tends to decelerate the flow,
while the incorporation processes increase flow thickness,
which cancels the slowdown effect of entrainment and enhances flow runout distances. In the case of a small-volume
PDC (~3×105 m3) with a bulking of 40 vol.% (i.e., corresponding to a 1-m-thick erodible bed), the runout distance is increased by up to 4–20 %, depending on slope angle to the base
of the edifice (0–10°). This finding extends those obtained
by analogue models on a constant slope using a Coulomb
rheology (Mangeney et al. 2010; Farin et al. 2013).
Our exploratory numerical model suggests that bulking on
steep slopes of andesitic volcanoes increases the volume, the
velocity, and the runout distance of PDCs. On slopes steeper
than ~25°, the flows may remove all the particles down to the
substrate. Therefore, the presence of large amounts of tephra
and blocks on such slopes prior to PDC emplacement may
enhance their destructive effect.
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